Abstract: In this contribution, problems related to the integrated design of observer-based robust H ∞ controller and robust fault detection (RFD) system is studied for uncertain LTI systems with both modelling errors and unknown input. We first propose to use an ideal solution, which is in fact an optimization solution of fault detection filter achieved on the assumption of the system model is perfectly known (i.e. without modelling errors), as the reference model of robust fault detection filter design for uncertain systems. The integrated design can then be formulated as a two-objective H ∞ −optimization problem which is solved using LMI techniques. The basic idea behind our study is that the robust H ∞ controller share a common observer with the fault detection filter; by introducing a reference residual model, the feedback controller and robust fault detection filter can be designed together via solving a two-objective H ∞ −optimization problem; finally an LMI approach to integrated design is developed. An example is also presented to illustrate the proposed approach.
INTRODUCTION AND PROBLEM DESCRIPTION
Consider the following uncertain LTI system described by .
x = (A + ∆A)x + (B + ∆B)u (1)
where x ∈ R n is the state vector, u ∈ R p the control input vector, y ∈ R q the measurement output vector, z ∈ R r the control output. d ∈ R m is the unknown input vector, f ∈ R l the fault to be detected and isolated. A, B, C 1 ,
, D 2f and D 2d are known matrices with appropriate dimensions. Without loss of generality, assume d is L 2 -norm bounded. ∆A, ∆B are modelling errors and given by
Denote Ω 1 : = {∆A | ∆A = EΣ(t)F 1 , Σ T (t)Σ(t) ≤ I} where E, F 1 , F 2 are known matrices. For our purpose, the following assumptions are also made:
A1. (C 1 , A) is detectable; A2.
as full row rank for all ω.
To success detect and isolate the possible fault, one widely adapted scheme is to use the so-called residual signal, which can be generated by a fault detection filter. The main objective to design fault detection filter (FDF) is thus to be that the generated residual signal is only sensitive to faults, whilst is as robust as possible to the unknown input, reference command and modelling errors [ (Chen J, 1999) ; (Frank P M, 2000) ; (Patton R J, 1996) ]. On the other side, the main purpose of feedback control is to guarantee the stability of closed-loop system, while the control output can attenuate the influence of unknown input efficiently and is un-sensitive to reference command, modelling errors [ (Zhou K, 1998) ]. As demonstrated in [ (Chen J, 2000) ; (Niemann H, 1997) ; ], in the case of without modelling errors, the feedback controller and FDI unit can be designed separately. However, with the existence of modelling errors, the feedback controller and FDI unit can not be designed totally separated again. One way to solve this problem is the so called integrated design of robust feedback control and fault detection, see [(Chen J, 2000) ; (Murad G A, 1996) ; (Niemann H, 1997) ; ; (Tyler M L, 1994) ] and references therein.
In this contribution, the observer-based integrated design problem of robust H ∞ controller and robust fault detection filter (RFDF) is studied for uncertain LTI system (1)-(3).
Suppose both the feedback controller and RFDF using the following observer
and the control input is given by
the residual is generated by
Wherex,ŷ are the state and measurement output estimation respectively, I ref is the reference command, r is the generated residual. The controller gain matrix K, observer gain matrix H and matrix V are to be determined for achieving the requirements of H ∞ control and fault detection. The main objective of this contribution is to design matrix K, H and V such that This contribution is organized as follows. In Section 2, the basic idea of our study is presented. Section 3 contains the main results of this contribution, the approach to the integrated design of robust H ∞ controller and RFDF. In section 4, a design example is used to illustrate the approach proposed.
BASIC IDEA OF OUR STUDY
There exist a number of performance index which can be used in FDI system design. One is the recently used H ∞ −filtering based FDI scheme, i.e. to introduce a reference model and further to formulate the design of residual generator as an H ∞ −optimization or H ∞ -model matching problem, [ (Chen J, 2000) ; (Ding S X, 2001) ; (Frisk E, 1999) ; (Nobrega E G, 2000) ].Another widely adapted way is to minimize the following performance index:
Influence of the unknown inputs Influence of the faults Frank P M, 2000) ; ; ].
In the case of ∆A = 0, ∆B = 0 and without considering feedback controller design, [ ] has developed an optimization approach to design FDF based on minimizing performance index
where σ i (·) denoting a non-zero singular value of a transfer function matrix, G rf (s) and G rd (s) are transfer function matrices from f, d to residual r respectively. For the case of ∆A ∈ Ω 1 , ∆B ∈ Ω 2 , in this contribution we propose to integrated design RFDF and robust H ∞ controller based on the combination of the above-mentioned two schemes:
• first, to design an optimal FDF for the system (1)- (3) with ∆A = 0, ∆B = 0; • next, to use the optimal solution obtained in the first step as the ideal solution or reference model of RFDF design ( i.e. ∆A ∈ Ω 1 , ∆B ∈ Ω 2 ) and, based on this, to furthermore formulated the integrated design of RFDF and feedback controller as a two-objective H ∞ −optimization problem.
Suppose the obtained reference model be given by
and denote r e = r − r f
Then we get
So, the integrated design problem can be furthermore defined as the following two-objective H ∞ − optimization problem, i.e. to determine matrices K, H and V such that (i) system (11)- (13) is asymptotically stable for all ∆A ∈ Ω 1 and ∆B ∈ Ω 2
(ii) for given γ > 0, the following H ∞ −norm constraints are met:°°£
So, the following two sub-problems, which is also the main task of this contribution, should be solved
• to design the reference residual model
• to derive the solution of the two-objective H ∞ − optimization problem (14)- (16) Remark 1. Making α > 0 small implies good fault detection performance, while making γ > 0 small implies good robust H ∞ control performance of the closed-loop system. To design RFDF and robust H ∞ controller integratedly, one has to be trade-off against another carefully [(Murad G A, 1996) ; (Niemann H, 1997) ; ]. In this contribution, we just consider the case: for the given mild control performance index γ > 0, to find the integrated design solution such that α → min .
MAIN RESULTS
In this section, we first design the reference residual model, then by using the H ∞ −optimization LMI techniques, try to get the solution of the above-formulated integrated design problem.
Design of reference residual model
Based on minimizing performance index (8), ] has proposed an optimization design of fault detection filter for LTI system (1)-(3) with ∆A = 0 and ∆B = 0. By employing some results of [ ], the following theorem provide us an optimization selection of reference residual model.. Theorem 1. Given system (1)-(3) with ∆A = 0 and ∆B = 0, suppose assumptions A1-A2 hold, then
solve the optimal fault detection filter design problem, where
And the reference residual model (9)-(10) to design RFDF can be determined by
Proof. Please refer to [ ], omitted here.
Integrated design of robust H ∞ controller and RFDF
In the following of this subsection, an LMI approach is developed to solve the above-defined integrated design problem. To this end, the following lemmas will be useful.
Lemma 1: Consider the uncertain LTI system
Given γ > 0, if there exist positive numbers ε 1 > 0, ε 2 > 0 and positive-definite matrix P such that LMI 
holds, then it is asymptotically stable and the H ∞ − norm of transfer function G zw satisfies
Proof : Based on the bounded real lemma (see [(Boyd S, 1994) ]), it is easy to finish the proof, here omitted.
After the selection of reference residual model, we propose to solve the formulated integrated design problem in the following two steps:
• To design K that for all ∆A ∈ Ω 1 , ∆B ∈ Ω 2 and given γ > 0, systeṁ
is asymptotically stable and
where
• To determine H, V that for all ∆A ∈ Ω 1 and ∆B ∈ Ω 2 , system (11)- (13) is asymptotically stable and (14)- (15) are satisfied with α → min.
The solvable conditions and further the solutions of robust H ∞ controller and RFDF integrated design are given in the following theorem 2.
Theorem 2: Given γ > 0, α > 0, if there exist positive numbers ε ij > 0 (i = 0, 1, 2, j = 1, 2), positive-definite matrices X 0 , P 1 , P 2 , P 3 and matrices Y 0 , Y 2 , V such that the following LMIs 
hold, then the above-defined integrated design problem of robust H ∞ controller and RFDF is solvable, and the feedback controller K, observer gain matrix H are given by
(27)
Sketch of the proof: (i) First, consider system (21)- (22). Using lemma 1, if there exist positive numbers ε 01 > 0, ε 02 > 0, positive-definite matrix X 0 and matrix Y 0 such that LMI (24) holds, then system (21)- (22) is asymptotically stable and inequality (23) is satisfied.
(ii) Next, for given γ > 0, α > 0, by using lemma 1, if there exist positive numbers ε 1,1 , ε 1,2 > 0 , positive-definite matrices P 1 , P 2 , P 3 and matrices Y 2 , V that LMI (25) hold, then system (11)- (13) is asymptotically stable and H ∞ −norm constraint (14) is satisfied; also satisfying LMI (26) implies H ∞ −norm constraint (15) is satisfied.
Remark 2. For given γ > 0, α > 0, theorem 2 provides us the solvable sufficient conditions of the observer-based integration design, and an approach to the solution of matrices K, H, V . In order to get the solution with α → min, the iterative use of results given in theorem 2 is also needed.
A DESIGN EXAMPLE
Following is the linearization system dynamic equations of an inverted pendulum system. 
are modelling errors and
For given γ = 2.2 (γ min ' 2.15), by using the proposed integrated design approach, we get: When Σ(t) = 1, Figure 1 shows the singular values plot of W f (s) and G rf (s); Figure 2 is the singular values plot of G rd (s), W d (s). Figure 3 reflects the influence of reference command I ref on the residual signal r. From the results we can see that with the mild control objective, the designed RFDF can achieve good fault detection performance.
CONCLUSION
In this contribution, an LMI approach to integrated design of robust H ∞ controller and RFDF is studied on the basis of sharing an observer for both of them. By introducing a reference residual model, the integrated design can be formulated as a two-objective H ∞ -optimization problem. The sufficient conditions for the existence of such an observer-based robust H ∞ controller and RFDF are derived and further the solutions of the controller gain matrix K, observer gain matrix H and the residual output matrix V by solving LMIs. A design example illustrated the proposed integrated design approach and show that with the aid of Matlab LMI Tool Box, the formulated integrated design problem can be solved simply.
